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[*] since writing this initial technical paper I have had time to show the regular formulation via 
equivalent capacitor currents as used by circuit simulators, which bundle up all the previous 
time steps state into a single term. Here is the new workbook: 
http://www.cyotmic.com/files/dsp/SvfLinearTrapOptimized2.pdf

Please note that I have not invented anything here, this is not new work, to the contrary this 
stuff has been around for a very long time but seems to be ignored by lots of people so I 
thought it worth pointing out to people how easy and useful this approach is. The original 
development of the algorithms was done using trapezoidal integration of the ideal linear SVF 
circuit using ideal components. This was done using nodal analysis and so requires some 
basic circuit theory and some more work is involved going through these basics. This is how 
circuit simulators have been solving things for a very long time, I repeat there is nothing new 
here. For an excellent source of information on such algorithms (including solving non-linear 
circuits as well) please read the very well written Qucs Technical Guide 
http://qucs.sourceforge.net/tech/technical.html .

I found an equivalent result was actually first proposed by Pierre Dutilleux in his paper 
“Simple to Operate Digital Time Varying Filters”, AES Convention 86 (March 1989) 
https://secure.aes.org/forum/pubs/conventions/?elib=5937 . It is interesting to note that in his 
paper Dutilleux stated that “the filter described by the differnce equations cannot be 
realized”. I can only assume that he meant “without the use of a division operation”, since 
clearly it can be realized as is shown here.

Solving of the trapezoidal SVF into a closed form is not really the focus of this paper, it is 
quite a trivial thing to do. What is of interest is the modification to the coefficients to give a 
form that provides excellent numerical properties while using 32-bit floating point numbers, 
which makes this structure very attractive for use in modern digital signal processing. Please 
refer to http://www.cytomic.com/files/dsp/SVF-vs-DF1.pdf for plots of coefficient rounding 
error and quantization error.

Continuous SVF

http://www.cyotmic.com/files/dsp/SvfLinearTrapOptimized2.pdf
http://qucs.sourceforge.net/tech/technical.html
https://secure.aes.org/forum/pubs/conventions/?elib=5937
http://www.cytomic.com/files/dsp/SVF-vs-DF1.pdf


Trapezoidal SVF

Solving for the various output responses
trapsvf =

8v3 == v0 - k v1 - v2, v3z � v0z - k v1z - v2z, v1 � v1z + g Hv3 + v3zL, v2 � v2z + g Hv1 + v1zL<
Solve@trapsvf, 8v1, v2<, 8v3, v3z<D@@1DD �� FullSimplify

8v3 � v0 - k v1 - v2, v3z � v0z - k v1z - v2z, v1 � v1z + g Hv3 + v3zL, v2 � g Hv1 + v1zL + v2z<

:v1 ®

v1z + g Hv0 + v0z - Hg + kL v1z - 2 v2zL

1 + g Hg + kL
, v2 ®

v2z + g H2 v1z + g Hv0 + v0z - v2zL + k v2zL

1 + g Hg + kL
>
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Remove@v0, v0z, v1, v1z, v2, v2z, h, hz, g, k, low, band, high, notch, bell, gb, zD;
soln =

:v1 ®
v1z + g Hv0 + v0z - Hg + kL v1z - 2 v2zL

1 + g Hg + kL
, v2 ®

v2z + g H2 v1z + g Hv0 + v0z - v2zL + k v2zL

1 + g Hg + kL
>;

zsubst = 9v0z ® v0 z-1, v1z ® v1 z-1, v2z ® v2 z-1=;

solnv1 = Hv1 �. solnL �. zsubst;
solnv2 = Hv2 �. solnL �. zsubst;
Solve@8v1 � solnv1, v2 � solnv2, low == v2 � v0<, 8low<, 8v1, v2<D@@1DD ��

FullSimplify
Solve@8v1 � solnv1, v2 � solnv2, band == v1 � v0<, 8band<, 8v1, v2<D@@1DD �� FullSimplify
Solve@8v1 � solnv1, v2 � solnv2, high � Hv0 - k v1 - v2L � v0<, 8high<, 8v1, v2<D@@1DD ��

FullSimplify
Solve@8v1 � solnv1, v2 � solnv2, notch � Hv0 - k v1L � v0<, 8notch<, 8v1, v2<D@@1DD ��

FullSimplify
bellsubst = 8v0 ® v0 Hk � gbL Hgb gb - 1L, k ® Hk � gbL<;
Solve@8v1 � solnv1 �. bellsubst, v2 � solnv2 �. bellsubst, bell � Hv0 + v1L � v0<,

8bell<, 8v1, v2<D@@1DD �� FullSimplify

:low ®

g2 H1 + zL2

H-1 + zL2
+ g2 H1 + zL2

+ g k I-1 + z2M
>

:band ®

g I-1 + z2M

H-1 + zL2
+ g2 H1 + zL2

+ g k I-1 + z2M
>

:high ®

H-1 + zL2

H-1 + zL2
+ g2 H1 + zL2

+ g k I-1 + z2M
>

:notch ®

H-1 + zL2
+ g2 H1 + zL2

H-1 + zL2
+ g2 H1 + zL2

+ g k I-1 + z2M
>

:bell ®

gb IH-1 + zL2
+ g2 H1 + zL2

+ g gb k I-1 + z2MM

g k I-1 + z2M + gb IH-1 + zL2
+ g2 H1 + zL2M

>
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Plotting the various responses
dB@x_D := 20 Log@10, Abs@xDD;
SetOptions@Plot, PlotRange ® 8-40, 40<, Axes ® FalseD;
cutoff = -5;

ShowBTableB

PlotBz = Exp@-2 Π ä 2^ wD; g = Tan@Π 2^cutoffD; dBB
g2 H1 + zL2

H-1 + zL2 + g2 H1 + zL2 + g k I-1 + z2M
F,

8w, -9, -1<, PlotLabel ® "Low"F, 8k, 0, 4, 0.5<FF

ShowBTableBPlotBz = Exp@-2 Π ä 2^ wD; g = Tan@Π 2^cutoffD;

dBB
g I-1 + z2M

H-1 + zL2 + g2 H1 + zL2 + g k I-1 + z2M
F,

8w, -9, -1<, PlotLabel ® "Band"F, 8k, 0, 4, 0.5<FF

ShowBTableBPlotBz = Exp@-2 Π ä 2^ wD; g = Tan@Π 2^cutoffD;

dBB
H-1 + zL2

H-1 + zL2 + g2 H1 + zL2 + g k I-1 + z2M
F,

8w, -9, -1<, PlotLabel ® "High"F, 8k, 0, 4, 0.5<FF

ShowBTableBPlotBz = Exp@-2 Π ä 2^ wD; g = Tan@Π 2^cutoffD;

dBB
H-1 + zL2 + g2 H1 + zL2

H-1 + zL2 + g2 H1 + zL2 + g k I-1 + z2M
F, 8w, -9, -1<,

PlotLabel ® "Notch"F, 8k, 0, 4, 0.5<FF

ShowBTableBPlotBz = Exp@-2 Π ä 2^ wD; g = Tan@Π 2^cutoffD; k = 0.5;

gb = Power@10, gbb � 2D; dBB
gb IH-1 + zL2 + g2 H1 + zL2 + g gb k I-1 + z2MM

g k I-1 + z2M + gb IH-1 + zL2 + g2 H1 + zL2M
F,

8w, -9, -1<, PlotLabel ® "Bell"F, 8gbb, -2, 2, 0.5<FF
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Basic algorithm
Clear
v0z = 0
v1 = 0
v2 = 0

Set
g = Tan@Π cutoff � samplerateD

damping = 1 � Q
k = damping

Tick
v0 = input
v1z = v1
v2z = v2

v1 =

v1z + g Hv0 + v0z - Hg + kL v1z - 2 v2zL

1 + g Hg + kL

v2 =

v2z + g H2 v1z + g Hv0 + v0z - v2zL + k v2zL

1 + g Hg + kL

v0z = v0
low = v2
band = v1
high = v0 - k * v1 - v2
notch = v0 - k * v1

Basic algorithm bell
Clear
v0z = 0
v1 = 0
v2 = 0

Set
g = Tan@Π cutoff � samplerateD

damping = 1 � Q
gb = Power@10, gainbelldb � 40D
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k = damping

Tick
v00 = input
v0 = Hk � gbL * Hgb * gb - 1L v00
v1z = v1
v2z = v2

v1 =

v1z + g Hv0 + v0z - Hg + k � gbL v1z - 2 v2zL

1 + g Hg + k � gbL

v2 =

v2z + g H2 v1z + g Hv0 + v0z - v2zL + Hk � gbL v2zL

1 + g Hg + k � gbL

v0z = v0
bell = v00 + v1

Optimised structure with all coefficients remaining bounded [0, 2]
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� The g = Tan[Π cutoff / samplerate] term becomes unbounded as cutoff/samplerate -> 1/2, but 
luckily the the modified form also contains a common scaling factor g/(1 + g (g + k)) which 
remains bounded, and so all derived coefficients remain bounded and are plotted below
Remove@g, k, cutoffD;
SetOptions@Plot, PlotRange ® AllD;
Plot@g = Tan@Π cutoffD; g, 8cutoff, 0, 0.49<,

PlotLabel ® "g = Tan@Π cutoff�samplerateD"D

ShowBTableBPlotBg = Tan@Π cutoffD;
1

1 + g Hg + kL
,

8cutoff, 0, 0.5<, PlotLabel ® "
1

1 + g Hg + kL
"F, 8k, 0, 4<FF

ShowBTableBPlotBg = Tan@Π cutoffD;
g

1 + g Hg + kL
, 8cutoff, 0, 0.5<,

PlotLabel ® "g1 =
g

1 + g Hg + kL
"F, 8k, 0, 4<FF

ShowBTableBPlotBg = Tan@Π cutoffD;
2 Hg + kL g

1 + g Hg + kL
, 8cutoff, 0, 0.5<,

PlotLabel ® "g2 =
2 Hg + kL g

1 + g Hg + kL
"F, 8k, 0, 4<FF

ShowBTableBPlotBg = Tan@Π cutoffD;
g g

1 + g Hg + kL
, 8cutoff, 0, 0.5<,

PlotLabel ® "g3 =
g g

1 + g Hg + kL
"F, 8k, 0, 4<FF

ShowBTableBPlotBg = Tan@Π cutoffD;
2 g

1 + g Hg + kL
, 8cutoff, 0, 0.5<,

PlotLabel ® "g4 =
2 g

1 + g Hg + kL
"F, 8k, 0, 4<FF
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Optimized algorithm
Clear
v0z = 0
v1 = 0
v2 = 0

Set
g = Tan@Π cutoff � samplerateD

damping = 1 � Q
k = damping
ginv = g � H1 + g * Hg + kLL

g1 = ginv
g2 = 2 * Hg + kL * ginv
g3 = g * ginv
g4 = 2 * ginv

Tick
H5 *, 6 +, 11 total ops for low and bandL

H6 *, 8 +, 14 total ops for highL

H6 *, 7 +, 13 total ops for notchL

v0 = input
v1z = v1
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v2z = v2
v3 = v0 + v0z - 2 * v2z
v1 += g1 * v3 - g2 * v1z
v2 += g3 * v3 + g4 * v1z
v0z = v0
low = v2
band = v1
high = v0 - k * v1 - v2
notch = v0 - k * v1

Remove@g, kD
ginv = g � H1 + g * Hg + kLL;
g1 = ginv;
g2 = 2 * Hg + kL * ginv;
g3 = g * ginv;
g4 = 2 * ginv;
Solve@

8v3 == v0 + v0z - 2 * v2z,
v1 � v1z + g1 * v3 - g2 * v1z,
v2 � v2z + g3 * v3 + g4 * v1z<, 8v1, v2<, 8v3<D@@1DD �� FullSimplify

trapsvf = 8v3 == v0 - k v1 - v2,
v3z � v0z - k v1z - v2z, v1 � v1z + g Hv3 + v3zL, v2 � v2z + g Hv1 + v1zL<;

Solve@trapsvf, 8v1, v2<, 8v3, v3z<D@@1DD �� FullSimplify

:v1 ®

v1z + g Hv0 + v0z - Hg + kL v1z - 2 v2zL

1 + g Hg + kL
, v2 ®

v2z + g H2 v1z + g Hv0 + v0z - v2zL + k v2zL

1 + g Hg + kL
>

:v1 ®

v1z + g Hv0 + v0z - Hg + kL v1z - 2 v2zL

1 + g Hg + kL
, v2 ®

v2z + g H2 v1z + g Hv0 + v0z - v2zL + k v2zL

1 + g Hg + kL
>

Optimised algorithm bell
Clear
v0z = 0
v1 = 0
v2 = 0

Set
g = Tan@Π cutoff � samplerateD

gb = Power@10, gainbelldb * H1.0 � 40.0LD

damping = 1 � Q
k = damping � gb
gi = k Hgb * gb - 1L

ginv = g � H1 + g * Hg + kLL

g1 = ginv
g2 = 2 * Hg + kL * ginv
g3 = g * ginv
g4 = 2 * ginv

Tick
H6 *, 7 +, 13 total ops for bellL

v00 = input
v0 = gi * v00
v1z = v1
v2z = v2
v3 = v0 + v0z - 2 * v2z
v1 += g1 * v3 - g2 * v1z
v2 += g3 * v3 + g4 * v1z
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v0z = v0
bell = v00 + v1

Remove@g, kD
gi = k HA * A - 1L
ginv = g � H1 + g * Hg + kLL
g1 = ginv
g2 = 2 * Hg + kL * ginv
g3 = g * ginv
g4 = 2 * ginv
Solve@

8v3 � gi Hv0 + v0zL - 2 * v2z,
v1 � v1z + g1 * v3 - g2 * v1z,
v2 � v2z + g3 * v3 + g4 * v1z<, 8v1, v2<, 8v3<D@@1DD �� FullSimplify

trapsvf = 8v3 == v0 - k v1 - v2,
v3z � v0z - k v1z - v2z, v1 � v1z + g Hv3 + v3zL, v2 � v2z + g Hv1 + v1zL<;

Solve@trapsvf, 8v1, v2<, 8v3, v3z<D@@1DD �� FullSimplify

Remove@g, z, eqg, k, alpha, A, cgD
alpha = Sin@wD k � 2;
tg = Tan@w � 2D;
cg = Cos@wD;

denom1 = CoefficientListAH-1 + zL2
+ tg2 H1 + zL2

- tg k � A2 I-1 + z2M, zE

denom2 = CoefficientListAH1 + alpha � AL + H-2 cgL z1
+ H1 - alpha � AL z2, zE

a1 = CoefficientListAH-1 + zL2
+ tg2 H1 + zL2

- tg k A2 I-1 + z2M, zE � denom1@@1DD

a2 = CoefficientListAH1 + alpha AL + H-2 cgL z1
+ H1 - alpha AL z2, zE � denom2@@1DD

tosolve = 8a1@@1DD � a2@@1DD, a1@@2DD � a2@@2DD, a1@@3DD � a2@@3DD<
Solve@tosolve, A2D �� FullSimplify
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